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The electron-positron ‘box’ diagram produces an effective action which
is fourth order in the electromagnetic field. We examine the behaviour of
this effective action at high-temperature (in analytically continued imaginary-
time thermal perturbation theory). We argue that there is a finite, nonzero
limit as T → ∞ (where T is the temperature). We calculate this limit in
the nonrelativistic static case, and in the long-wavelength limit. We also
briefly discuss the self-energy in 2-dimensional QED, which is similar in some
respects.
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I. INTRODUCTION
The effective action due to the electron-positron ‘box’ diagram was calculated in 1950 [1].
It is fourth order in the electromagnetic field. The object of this paper is to investigate the
behaviour of the QED effective action at temperatures high compared to the electron mass
and to the frequencies and wave numbers of the electromagnetic field (see also [2]). We use
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analytically continued imaginary-time thermal perturbation theory (which is known [3,4] to
be related to real-time theory). The question which we seek to answer is: what is the be-
haviour at high-temperature? Individual contributions contain T 2 and log(T ) terms, where
T is the temperature (T 3 and T terms cancel by symmetry). However, gauge invariance im-
poses strong constraints (just as it does at zero temperature, forbidding UV divergence for
example), and one expects strong cancellations. In fact we are able to confirm explicitly the
cancellation of the T 2 terms. Note that the dependance upon T for high T is not necessarily
simply related to the UV divergence or convergence of the zero-temperature amplitude. In
QCD, for example, the n-gluon functions, for all n, go as T 2 although they are UV finite for
N > 4.
The main concern of this paper is possible log(T ) terms. We have not managed to
demonstrate their absence by explicit computation. Instead we give an indirect argument.
This (Sec. IV) is based upon first studying the static case and then using Lorentz invariance.
We therefore expect the effective action to have a finite, non-zero limit as T →∞. Like
the zero-temperature action, this must be gauge-invariant; but it may be more complicated
because it is not necessarily Lorentz-invariant. We have not been able to compute it in
general. In two special cases, the nonrelativisitic static case (which is just a number) and
the long wavelength limit (see the Appendix), we have been able to compute the high
temperature limit. We have also checked by direct calculation the cancellation of log(T )
terms in the special case in which all the wave-vectors are parallel.
There is an example which has some points of resemblance. That is the self-energy
function in 2-dimensional QED. Here (although the zero-temperature function is UV finite)
it is not immediately obvious whether there is a log(T ) term. We find, in fact, that there is
a finite limit at high T .
Four-photons graphs with two thermal photons and non-thermal fermions have been
considered as subdiagrams contributing in higher order to the photon self energy [5]. These
lead in the low temperature limit, to temperature-dependent corrections to the dielectric
constant and speed of light behaving like (T/m)4. As a possible application of our four-
2
photon result, one could thermalise two photons obtaining, following [5], a higher order
correction to the photon self-energy at high temperature.
In thermal QCD, it is known that a study of the high-temperature behaviour of thermal
graphs is an important tool in resumming perturbation theory. In QED, power dependence
on T is confined to self-energy graphs. The next question to ask is whether there are graphs
with a log(T ) behaviour at large T . This paper addresses that problem.
II. THE THERMAL PERTURBATION THEORY
The graphs which contribute to the nonlinear electromagnetic interaction are shown in
Fig. 1. There are three other contributions obtained by charge conjugation.
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FIG. 1. Box diagrams which contribute to the nonlinear electromagnetic interaction. Dotted
lines represent photons, and solid lines stand for electrons.
The analytically continued imaginary-time thermal perturbation theory can be formu-
lated [6,7] so as to express the thermal amplitude (having subtracted the zero-temperature
part) in terms of amplitudes for forward scattering of an electron in an external electromag-
netic field, as depicted in Fig. 2. There are 24 Feynman diagrams like this one, which are
obtained by even and odd permutations of the external momenta and polarizations. The
corresponding analytic expression has the form
e4
(2π)3
∫ ∞
0
q2
2Q0
dqN(Q0)
∫
dΩ
∑
ijkl
Bµνλσ(ijkl)(k1, k2, k3;Q). (2.1)
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Here q = |Q|, Q0 = (q2 +m2)1/2, N(Q0) = (1 + eQ
0/T )−1,
∫
dΩ is an integral over the
directions of Q, and the sum is over the permutation (ijkl) of (1234). Each B has a
numerator which is a Dirac trace containing a projection operator (/Q+m). For example
Bµνλσ(1234) =
tr
[
(/Q+m) γµ (/Q+ /k1 +m) γ
ν (/Q + /k12 +m) γ
λ (/Q + /k123 +m) γ
σ
]
(2Q.k1 + k21) (2Q.k12 + k
2
12) (2Q.k123 + k
2
123)
, (2.2)
where k12 = k1+k2, etc. In Eq. 2.1, the k
0
i are to be given (small) imaginary parts. Different
choices of signs for these imaginary parts define the different branches of the analytically
continued imaginary-time amplitude [3]. The explicit result for the trace in Eq. (2.2) is
given in Eq. (A1) of the Appendix.
We may alternatively write the sum in Eq. (2.1) as
∑
(ijkl)′
[
Bµνλσ(ijkl)(k1, k2, k3;Q) + B
µνλσ
(ijkl)(k1, k2, k3;−Q)
]
, (2.3)
where the (ijkl)′ in the summation indicates that only even permutations of (1234) are to
be included.
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FIG. 2. One of the four diagrams corresponding to the first diagram in Fig. 1. Dotted lines
represent photons, and solid lines stand for electrons.
III. THE HIGH-TEMPERATURE BEHAVIOUR
This section is included for completeness. Its conclusion is in fact contained, as the
abelian special case, in reference [8]. The straightforward way to get the high-temperature
limit of Eq. (2.1) is to use the expansion
(2Q.k + k2)−1 = (2Q.k)−1 − k2(2Q.k)−2 + k4(2Q.k)−3 + · · · (3.1)
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in the denominators in Eq. (2.2), and to expand the numerator similarly in terms of the ki.
One thus gets in Eq. (2.2) terms which are homogeneous in Q of degrees 1, 0, −1, −2. (The
expansion (3.1) cannot be taken further without introducing specious infra-red divergences.)
The terms of odd degree cancel in Eq. (2.3).
The terms of degree 0 would produce terms O(T 2) in (1). However, such terms cancel
in the sum in Eq. (2.3). As an example, take the terms proportional to QµQνQλQσ. We
find the following contributions (writing Ki = Q.ki, etc):
k21
K21
[
1
K23
(
1
K2
+
1
K3
)
+
1
K34
(
1
K3
+
1
K4
)
+
1
K42
(
1
K4
+
1
K2
)]
+ (3 cyclic perms.)
−
k212
K212
(
1
K3
+
1
K4
)(
1
K1
+
1
K2
)
+ (2 cyclic perms. of 2,3,4)
=
1
K1K2K3K4
(
k21 + k
2
2 + k
2
3 + k
2
4 − k
2
12 − k
2
13 − k
2
14
)
= 0.
(3.2)
For the terms of degree −2, there is no such cancellation at the integrand level in general.
So, to examine possible log(T ) terms, we have had to resort to an indirect argument. This
we present in the next two sections.
IV. ABSENCE OF LOGARITHMIC TEMPERATURE DEPENDENCE
We begin the argument by considering the static case, k0i = 0, i = 1, 2, 3, 4. This is
simpler than the general case, because no analytic continuation is necessary, and so we can
write an explicit general formula for the thermal box diagrams. This has the form (unlike in
Eq. (2.1), we now refer to the complete thermal amplitude, including the zero-temperature
piece)
T
∑
Q0=πiT (2n+1)
1
(2π)3
∫
d3−ǫQF µνλσ(ki,Q, Q
0), (4.1)
where n runs over the integers. For fixed n, the Q-integral is IR and UV finite (i.e. has no
pole at ǫ = 0). For
T ≫ |ki|, m, (4.2)
Eq. (4.1) gives
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∑
n
[
a(ǫ)T−ǫ(2n+ 1)−1−ǫ +O(T−1−ǫn−2−ǫ)
]
. (4.3)
If a(0) is nonzero, this sum diverges; and the corresponding zero-temperature Euclidean field
theory (with
∫ i∞
−i∞ dQ
0 instead of the sum)would be UV divergent, which we know is not the
case. It follows that
a(ǫ) ∼ ǫb(ki/m). (4.4)
We may evaluate the sum in (4.1), then let ǫ → 0 and finally let T → ∞ to get a finite
result.
As an example, let us consider the special case when |ki| ≪ m≪ T . Then we may write
(4.1) in the form
∫
d3Q
(2π)3
∫
dz
2πi
N(z)
Nµνλσ(ki = 0,Q, z)
(z2 − q2)4
, (4.5)
where Nµνλσ is the numerator of F µνλσ. First take the case µ = ν = λ = σ = 0. Then all
3 graphs in Fig. 1, together with the ones obtained by charge conjugation, contribute the
same, and
N0000 = tr [(z +Q · α)4]
= 2 [(z + q)4 + (z − q)4] ,
(4.6)
where αi ≡ γiγ0. So (4.5) gives
6
π2
∫ ∞
0
dq q2
∫ dz
2πi
N(z)
[
1
(z − q)4
+
1
(z + q)4
]
=
1
π2
∫ ∞
0
dqq2[N ′′′(q) +N ′′′(−q)]
= −
4
π2
N(0) = −
2
π2
.
(4.7)
In this special case, a log(T ) term would have shown itself as
∫ ∞ dq
q
N(q). (4.8)
The IR divergence at the lower limit would have been a consequence of using the expansion
(3.1). But the presence of a term like (4.8) would have correctly signalled the presence of a
log(T ) term. As it is we do not find a term like (4.8) in (4.5).
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The other components, F 00ij etc, must vanish in the limit ki → 0 because of gauge
invariance.
We now go from the static case to the general case, so far as log(T ) terms are concerned.
Terms of degree −2 in Q in the expansion of (2.2) using (3.1) would produce an integral
containing
∫ ∞
0
dq
Q0
N(Q0) (4.9)
(like (4.8)), and thus a log(T ) term. Setting m = 0 in the angular integral in Eq. (2.1),
because mass terms do not affect the log(T ) contributions, we then obtain an integrand
which is homogeneous of degree −2 in the vector Qˆ = (1, Qˆ). Such integrals have been
studied in [8], where it was shown that they could be expressed in the form
∑
a
Ra(ki)Ma(ki), (4.10)
where the Ra are rational, Lorentz covariant tensors and the Ma are a set of four Lorentz
invariant functions, with
M1 = ∆
− 1
2 arctan

 ∆ 12
k2.k3

 , (4.11)
where
∆ = k22k
2
3 − (k2.k3)
2, (4.12)
and M2,M3 are defined similarly by cyclic permutation of (1, 2, 3). Finally M4 = 1. The
important point about (4.10) is its Lorentz covariance, in spite of the fact that the angular
integral in (2.1) is not generally a Lorentz invariant process (except when the integrand is
homogeneous in Qˆ of degree −2).
Because of the importance for our proof of this result about Lorentz invariance, we here
insert a simple argument for this. Consider the part of the angular integral in Eq. (2.1)
contributing to log(T ) terms, which has the form
∫
dΩB(ki, Qˆ). (4.13)
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Because of homogeneity property, we can write this as
∫
dΩ|Q|2[B(ki, Q)]Q0=|Q|, (4.14)
for any value of |Q|. In particular, we may fix k.Q = 1 where k is an arbitrary combination
of the ki. Thus we get
2
∫
d4Qδ(Q2)θ(Q0)δ(k.Q− 1)B(ki, Q). (4.15)
This final form shows that the integral is a covariant function of the ki. But the original form
shows that it also independent of the particular choice of k. Thus the integral is covariant,
as claimed.
We now return to the form (4.10). Clearly the functions defined in (4.11) have branch
cuts at k2i = 0, and the coefficient rational functions Ra in (4.10) have poles where subsets of
the ki are linearly dependent. In order to avoid these complications, we now assume that all
the k0i are pure imaginary, i.e. we are dealing with (4-dimensional) Euclidean field theory.
If we can show that there is no log(T ) term in this case, then there can be no such term
when we analytically continue further towards the real k0i axes.
Now suppose that there was a log(T ) term in the non-static case; so that not all the
Ra in (4.10) were zero. We shall show that this would contradict our previous conclusion
that there was no log(T ) term in the static case. Since (4.10) is covariant under rotations in
4-dimensional Euclidean space, we may go to a coordinate system in which the (imaginary)
time axis is perpendicular to each of the ki. This is just the static case (k
0
i = 0). Thus the
nonvanishing of (4.10) would contradict what we know about the absence of log(T ) terms
in that case. This completes our argument about the general absence of log(T ) terms.
V. DISCUSSION
In order to inquire further the absence of log(T ) terms in the box diagram, we now
briefly consider the photon self-energy in two-dimensional QED, which is similar in the
8
sense that there is no UV divergence at zero-temperature. Of course, the main difference is
the role of the axial anomaly in two-dimensional QED [9], which has no counterpart in the
four-dimensional box diagram.
Since this model is much simpler, we can give an explicit form for the self-energy at
infinite temperature. By using a method similar to that in Sec. IV, the high-temperature
limit is found simply by setting
N(z)→
1
2
(5.1)
in the analogue of Eq. (4.5), evaluated for general momenta kµ. Then the result for the
complete self-energy at infinite temperature is
e2
π
[
ηµν −
kµkν
k2
]
. (5.2)
Note that the zero-temperature result is [10]
e2
π
[
1 +
4m2
k2R
arctan (R)
] [
ηµν −
kµkν
k2
]
, (5.3)
where k2 < 4m2 and R = [4m2/k2 − 1]1/2. Thus the effect of the additional thermal
contributions (at high T ) is simply to cancel the m2 term, leaving just the anomaly term
behind.
An interesting question concerns the thermal behavior of QED Green functions with n >
4 external photon lines (for n-odd, these vanish identically by charge conjugation). By power
counting, these functions are UV finite at zero temperature. Hence, using arguments like
those in Sec. IV, we see that in the static case the log(T ) terms will be absent. Furthermore,
from the work in references [8,11], it follows that the T 2 contributions will cancel out.
Therefore, we conclude that in the static case these Green functions will have a finite limit
as T →∞. Whether this continues to be true in general still remains to be investigated.
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APPENDIX A:
In this appendix we present another explicit result for the high-temperature behavior of
the nonlinear electromagnetic interaction. Since in Sec. IV we have shown that there is no
log(T ) contribution and computed the static case, it would be also interesting to know the
explicit expression for the long wavelength limit.
Our starting point is Eq. (2.2). The computation of the trace is a tedious but straightfor-
ward task which can be accomplished using a computer program for symbolic manipulations.
The result is
4 ( kσ1 k
λ
12 k
ν
123Q
µ − kλ1 k
σ
12 k
ν
123Q
µ + kσ1 k
ν
12 k
λ
123Q
µ + kν1 k
σ
12 k
λ
123Q
µ+
kλ1 k
ν
12 k
σ
123Q
µ + kν1 k
λ
12 k
σ
123Q
µ − kσ1 k
λ
12 k
µ
123Q
ν + kλ1 k
σ
12 k
µ
123Q
ν−
kσ1 k
µ
12 k
λ
123Q
ν + kµ1 k
σ
12 k
λ
123Q
ν − kλ1 k
µ
12 k
σ
123Q
ν + kµ1 k
λ
12 k
σ
123Q
ν+
2 kσ12 k
λ
123Q
µQν + 2 kλ12 k
σ
123Q
µQν − kσ1 k
ν
12 k
µ
123Q
λ − kν1 k
σ
12 k
µ
123Q
λ+
kσ1 k
µ
12 k
ν
123Q
λ − kµ1 k
σ
12 k
ν
123Q
λ + kν1 k
µ
12 k
σ
123Q
λ + kµ1 k
ν
12 k
σ
123Q
λ+
2 kσ1 k
ν
123Q
µQλ − 2 kσ12 k
ν
123Q
µQλ + 2 kν1 k
σ
123Q
µQλ + 2 kν12 k
σ
123Q
µQλ−
2 kσ1 k
µ
123Q
ν Qλ + 2 kµ1 k
σ
123Q
ν Qλ + 4 kσ123Q
µQν Qλ + kλ1 k
ν
12 k
µ
123Q
σ+
kν1 k
λ
12 k
µ
123Q
σ − kλ1 k
µ
12 k
ν
123Q
σ + kµ1 k
λ
12 k
ν
123Q
σ + kν1 k
µ
12 k
λ
123Q
σ+
kµ1 k
ν
12 k
λ
123Q
σ + 2 kλ1 k
ν
12Q
µQσ + 2 kν1 k
λ
12Q
µQσ − 2 kλ1 k
ν
123Q
µQσ+
2 kλ12 k
ν
123Q
µQσ + 2 kν1 k
λ
123Q
µQσ + 2 kν12 k
λ
123Q
µQσ − 2 kλ1 k
µ
12Q
ν Qσ+
2 kµ1 k
λ
12Q
ν Qσ + 2 kλ1 k
µ
123Q
ν Qσ + 2 kµ1 k
λ
123Q
ν Qσ + 4 kλ12Q
µQν Qσ+
4 kλ123Q
µQν Qσ + 2 kν1 k
µ
12Q
λQσ + 2 kµ1 k
ν
12Q
λQσ + 4 kν1 Q
µQλQσ+
4 kν12Q
µQλQσ + 4 kµ1 Q
ν QλQσ + 8QµQν QλQσ + kσ1 k
λ
12 k123 ·Qη
µν−
kλ1 k
σ
12 k123 ·Qη
µν + kσ1 k12 ·Qk
λ
123 η
µν − k1 ·Qk
σ
12 k
λ
123 η
µν + kλ1 k12 ·Qk
σ
123 η
µν−
k1 ·Qk
λ
12 k
σ
123 η
µν − kσ1 k12 · k123Q
λ ηµν + k1 · k123 k
σ
12Q
λ ηµν − k1 · k12 k
σ
123Q
λ ηµν−
2 k1 ·Qk
σ
123Q
λ ηµν + kλ1 k12 · k123Q
σ ηµν + 2 kλ1 k12 ·QQ
σ ηµν − k1 · k123 k
λ
12Q
σ ηµν−
2 k1 ·Qk
λ
12Q
σ ηµν − k1 · k12 k
λ
123Q
σ ηµν − 2 k1 ·Qk
λ
123Q
σ ηµν − 2 k1 · k12Q
λQσ ηµν−
4 k1 ·QQ
λQσ ηµν + kσ1 k
ν
12 k123 ·Qη
µλ + kν1 k
σ
12 k123 ·Qη
µλ − kσ1 k12 ·Qk
ν
123 η
µλ+
k1 ·Qk
σ
12 k
ν
123 η
µλ − kν1 k12 ·Qk
σ
123 η
µλ − k1 ·Qk
ν
12 k
σ
123 η
µλ + kσ1 k12 · k123Q
ν ηµλ−
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k1 · k123 k
σ
12Q
ν ηµλ + 2 kσ1 k123 ·QQ
ν ηµλ + k1 · k12 k
σ
123Q
ν ηµλ − kν1 k12 · k123Q
σ ηµλ−
2 kν1 k12 ·QQ
σ ηµλ − k1 · k123 k
ν
12Q
σ ηµλ − 2 k1 ·Qk
ν
12Q
σ ηµλ + k1 · k12 k
ν
123Q
σ ηµλ+
2 k1 ·Qk
ν
123Q
σ ηµλ + 2 k1 · k12Q
ν Qσ ηµλ − 2 k1 · k123Q
ν Qσ ηµλ − kλ1 k
ν
12 k123 ·Qη
µσ−
kν1 k
λ
12 k123 ·Qη
µσ + kλ1 k12 ·Qk
ν
123 η
µσ − k1 ·Qk
λ
12 k
ν
123 η
µσ − kν1 k12 ·Qk
λ
123 η
µσ−
k1 ·Qk
ν
12 k
λ
123 η
µσ − kλ1 k12 · k123Q
ν ηµσ + k1 · k123 k
λ
12Q
ν ηµσ − 2 kλ1 k123 ·QQ
ν ηµσ+
k1 · k12 k
λ
123Q
ν ηµσ + kν1 k12 · k123Q
λ ηµσ + k1 · k123 k
ν
12Q
λ ηµσ − k1 · k12 k
ν
123Q
λ ηµσ−
2 k1 ·Qk
ν
123Q
λ ηµσ + 2 k1 · k123Q
ν Qλ ηµσ − kσ1 k
µ
12 k123 ·Qη
νλ + kµ1 k
σ
12 k123 ·Qη
νλ+
kσ1 k12 ·Qk
µ
123 η
νλ − k1 ·Qk
σ
12 k
µ
123 η
νλ − kµ1 k12 ·Qk
σ
123 η
νλ + k1 ·Qk
µ
12 k
σ
123 η
νλ−
kσ1 k12 · k123Q
µ ηνλ + k1 · k123 k
σ
12Q
µ ηνλ − 2 kσ1 k123 ·QQ
µ ηνλ + 2 kσ12 k123 ·QQ
µ ηνλ−
k1 · k12 k
σ
123Q
µ ηνλ − 2 k12 ·Qk
σ
123Q
µ ηνλ − kµ1 k12 · k123Q
σ ηνλ − 2 kµ1 k12 ·QQ
σ ηνλ+
k1 · k123 k
µ
12Q
σ ηνλ + 2 k1 ·Qk
µ
12Q
σ ηνλ − k1 · k12 k
µ
123Q
σ ηνλ − 2 k1 ·Qk
µ
123Q
σ ηνλ−
2 k1 · k12Q
µQσ ηνλ + 2 k1 · k123Q
µQσ ηνλ − 2 k12 · k123Q
µQσ ηνλ − 4 k12 ·QQ
µQσ ηνλ+
k1 ·Qk12 · k123 η
µσ ηνλ − k1 · k123 k12 ·Qη
µσ ηνλ + k1 · k12 k123 ·Qη
µσ ηνλ + 2 k1 ·Qk123 ·Qη
µσ ηνλ+
kλ1 k
µ
12 k123 ·Qη
νσ − kµ1 k
λ
12 k123 ·Qη
νσ − kλ1 k12 ·Qk
µ
123 η
νσ + k1 ·Qk
λ
12 k
µ
123 η
νσ−
kµ1 k12 ·Qk
λ
123 η
νσ + k1 ·Qk
µ
12 k
λ
123 η
νσ + kλ1 k12 · k123Q
µ ηνσ − k1 · k123 k
λ
12Q
µ ηνσ+
2 kλ1 k123 ·QQ
µ ηνσ − 2 kλ12 k123 ·QQ
µ ηνσ − k1 · k12 k
λ
123Q
µ ηνσ − 2 k12 ·Qk
λ
123Q
µ ηνσ+
kµ1 k12 · k123Q
λ ηνσ − k1 · k123 k
µ
12Q
λ ηνσ + k1 · k12 k
µ
123Q
λ ηνσ + 2 k1 ·Qk
µ
123Q
λ ηνσ−
2 k1 · k123Q
µQλ ηνσ + 2 k12 · k123Q
µQλ ηνσ − k1 ·Qk12 · k123 η
µλ ηνσ + k1 · k123 k12 ·Qη
µλ ηνσ−
k1 · k12 k123 ·Qη
µλ ηνσ − 2 k1 ·Qk123 ·Qη
µλ ηνσ − kν1 k
µ
12 k123 ·Qη
λσ − kµ1 k
ν
12 k123 ·Qη
λσ+
kν1 k12 ·Qk
µ
123 η
λσ + k1 ·Qk
ν
12 k
µ
123 η
λσ + kµ1 k12 ·Qk
ν
123 η
λσ − k1 ·Qk
µ
12 k
ν
123 η
λσ−
kν1 k12 · k123Q
µ ηλσ − k1 · k123 k
ν
12Q
µ ηλσ − 2 kν1 k123 ·QQ
µ ηλσ − 2 kν12 k123 ·QQ
µ ηλσ+
k1 · k12 k
ν
123Q
µ ηλσ + 2 k12 ·Qk
ν
123Q
µ ηλσ − kµ1 k12 · k123Q
ν ηλσ + k1 · k123 k
µ
12Q
ν ηλσ−
2 kµ1 k123 ·QQ
ν ηλσ − k1 · k12 k
µ
123Q
ν ηλσ − 2 k12 · k123Q
µQν ηλσ − 4 k123 ·QQ
µQν ηλσ+
k1 ·Qk12 · k123 η
µν ηλσ − k1 · k123 k12 ·Qη
µν ηλσ + k1 · k12 k123 ·Qη
µν ηλσ + 2 k1 ·Qk123 ·Qη
µν ηλσ )
(A1)
In the long wavelength limit all wave vectors are set equal to zero and Eq. (A1) simplifies
considerably. The denominators in Eq. (2.2) will not depend on Q and the angular integrals
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in (2.1) can be easily computed. Using partial fractions decomposition the result can be
expressed in terms of integrals like
∫ ∞
0
dq
exp(q/T ) + 1
1
q ± s
, (A2)
where s a linear function of the external frequencies. In the limit T → ∞ we can replace
each individual integral by
∫ T
0
dq
2
1
q ± s
=
1
2
(log(T )− log(±s) +O(1/T )) . (A3)
When we add together all the contributions, we obtain the result
e4
15π2
(
A(ω1, ω2, ω3, ω4)δ
ijδkl + A(ω1, ω3, ω2, ω4)δ
ikδjl + A(ω1, ω4, ω2, ω3)δ
ilδjk
)
, (A4)
where ω1 + ω2 + ω3 + ω4 = 0 and the indices (i, j, k, l) are in correspondence with
(µ, ν, λ, σ). The function A(ω1, ω2, ω3, ω4) is a combination of rational functions of the
frequencies times expressions like (A3), and it is symmetric under the permutations ω1 ↔ ω2,
ω3 ↔ ω4 and (ω1, ω2)↔ (ω3, ω4).
From (A3) we can see that the function A(ω1, ω2, ω3, ω4) grows not faster than log(T ) in
the high temperature limit. This is just a special case of the result in Sec. III, where we
have shown that the cancellation of contributions proportional to T 2 occurs at the integrand
level. We also expect from Sec. IV that the log(T ) contributions should vanish. Indeed,
we have obtained that the coefficient of log(T ) is proportional to the following vanishing
combination of rational functions
c(ω1, ω2, ω3, ω4) + c(ω2, ω1, ω3, ω4) + c(ω3, ω4, ω1, ω2) + c(ω4, ω3, ω1, ω2)+
d(ω1, ω2, ω3, ω4) + d(ω2, ω1, ω3, ω4) + e(ω1, ω2, ω3, ω4) = 0
(A5)
where
c(ω1, ω2, ω3, ω4) =
ω1
2 [10ω2
2 ω3 ω4 + (ω1 + 5ω2) (ω1 ω2 ω34 + ω1 ω3 ω4)]
ω12 ω13 ω2 ω23 ω3 ω4
, (A6a)
d(ω1, ω2, ω3, ω4) =
ω13
2 (ω1
2 + 5ω1 ω2 − 3ω1 ω3 − 5ω2 ω3 − 4ω3
2)
ω1 ω2 ω3 ω4
(A6b)
12
and
e(ω1, ω2, ω3, ω4) =
(ω12 ω34)
2
ω1 ω2 ω3 ω4
. (A6c)
Finally, the function A(ω1, ω2, ω3, ω4) is given by
A(ω1, ω2, ω3, ω4) = c(ω1, ω2, ω3, ω4) log(−
ω2
1
ω12ω34
) + c(ω2, ω1, ω3, ω4) log(−
ω2
2
ω12ω34
)+
c(ω3, ω4, ω1, ω2) log(−
ω2
3
ω12ω34
) + c(ω4, ω3, ω1, ω2) log(−
ω2
4
ω12ω34
)+
d(ω1, ω2, ω3, ω4) log(
ω13ω24
ω12ω34
) + d(ω2, ω1, ω3, ω4) log(
ω23ω14
ω12ω34
).
(A7)
The symmetries of A(ω1, ω2, ω3, ω4) under permutations ω1 ↔ ω2, ω3 ↔ ω4 and (ω1, ω2) ↔
(ω3, ω4), can be easily verified using momentum conservation and Eqs. (A6). One can also
notice that A(ω1, ω2, ω3, ω4) is real when all the frequencies are real.
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